In this paper, we determine the order of hypersubstitutions of type τ = (n) for a natural number n. The results generalize the results in [1] and [3] .
Introduction
Semigroup properties of hypersubstitutions have been widely studied see, for example, [1] , [2] , [7] and [1] . Properties of monoids of generalized hypersubstitution, i.e. non-arity preserving ones are studied in [8] and [2] . Given a type τ . The following problem arise: describe the order of hypersubstitutions of the type. So far this was done for type τ = (2), τ = (3), and τ = (2, 2). It was shown that the order of a hypersubstitutions of type τ = (2) is 1, 2 or infinite [1] , of type τ = (3) is 1, 2, 3 or infinite [3] , and of type τ = (2, 2) is 1, 2, 3, 4 or infinite [5] . In this paper, we are interested in the order of hypersubstitutions of type τ = (n) for n ∈ N (N denote the set of all positive integers).
Preliminary Notes
Let S be a semigroup. The order of an element a of S is defined as the order of a , the cyclic subsemigroup of S generated by a. The index and the period of an element a of S consults [9] .
. . } be a countably infinite alphabet of variables such that the sequence of the operation symbols (f i ) i∈I is disjoint with X, and let X n = {x 1 , x 2 , . . . , x n } be an n-element alphabet where n ∈ N. Here f i is n i -ary for a natural number n i ≥ 1. An n-ary (n ≥ 1) term of type τ is inductively defined as follows:
(ii) if t 1 , . . . , t n i are n-ary terms and f i is an n i -ary operation symbol then
Let W τ (X n ) be the set containing x 1 , . . . , x n and being closed under finite application of (ii). The set of all terms of type τ over the alphabet X is defined by
is called a hypersubstitution of type τ if σ(f i ) is an n i -ary term of type τ for every i ∈ I. Any hypersubstitution σ of type τ can be uniquely extended to a mapσ on W τ (X) as follows:
A binary operation is defined on the set Hyp(τ ) of all hypersubstitutions of type τ , by
for all n i -ary operation symbols f i . Together with this binary associative operation Hyp(τ ) forms a monoid since the identity hypersubstitution σ id which maps every f i to f i (x 1 , . . . , x n i ) is an identity element. For an n-ary term t of type (n), let var(t) − the set of all variables occurring in t, op(t) − the total number of all operation symbols occurring in t.
Several subsemigroups of Hyp(τ ) can be defined: let
Main Results
For any n ∈ N, the set of all mappings on {1, 2, 3, . . . , n} is denoted by T n . It is known that T n forms a semigroup under the usual composition of functions, the so-called a transformation semigroup. The semigroup T n has n n elements (see [9] ). For α ∈ T n , let f ix(α) = {x ∈ {1, 2, 3, . . . , n} : xα = x}. We give an easy observation that for any α ∈ T n if f ix(α) ⊂ {1, 2, 3, . . . , n}, then there is α 0 ∈ T n 0 with n 0 = |{1, 2, 3, . . . , n} \ f ix(α)| which has the same order with α.
For convenience, we let f stand for n-ary operation symbol of type τ = (n) and we denote a hypersubstitution of type τ = (n) which maps the operation symbol f to the n-ary term t by σ t . Further, let σ α , for some α ∈ T n , be a hypersubstitution mapping f to f (x α(1) , . . . , x α(n) ). We state an easy theorem to make our investigation complete. (1) The order of a hypersubstitution in P (n) is 1.
(2) The order of a hypersubstitution in Short(n) is equal to the order of a mapping α for some α ∈ T n .
Now, we proceed to the case that hypersubstitutions come from H op 2 . In this case if var(σ(f )) = X n , then we have the following theorem.
Theorem 3.2. Let t be a term of type
So we have the claim. This gives, for k ∈ N,
We conclude that σ t has infinite order. 2
Next, we will investigate the case that var(t) is a proper subset of X n , i.e. var(t) ⊂ X n . Hereafter, we let
be an n-ary term of type (n) such that op(t) > 1 and var(t) = {x i 1 , . . . , x i j }. We separate to three cases: 
, then the order of σ t is a + b where a and b are, respectively, index and period of some α 0 ∈ T n 0 and some n 0 < n.
Proof. Assume that
Clearly, the order of α is finite. Assume that α has index a and period b. Then α a = α a+b . Using property of α and assumption, we get
It follows that,
We can prove by induction that (σ t ) 
. , t n ) be an n-ary term of type (n) with op(t) > 1 and var(t)
, then the order of σ t is infinite.
This shows that the order of σ t is infinite. 2
To prove (3): there exists j ∈ {1, . . . , j − 1} such that t i 1 , . . . , t i j ∈ var(t) and t i j +1 , . . . , t i j / ∈ var(t), we need the following: It has been known that terms can be represented by tree, i.e., connected graph without cycles having a root. For any term t of type (n), we can label each operation symbol or variable of t by a sequence of numbers from {1, . . . , n}, by using the address of the corresponding node in the tree diagram for t; the operation symbol at the root of the tree receives the label 0. For instance, the term t = f (f (x 1 , x 2 , x 3 ), x 3 , x 2 ) of type (3) can be written with labels as
2 ). For N ⊂ {1, . . . , n}, we will be interested in the set var(L(t)) \ N of (labeled) variables occurring in t whose addresses do not contain any occurrences of k ∈ N.
We make the key observation that if t satisfies (3.1. 
∈ var(t), then either: the order of σ t is equal to 1 plus the order of some transformation α ∈ T n 0 for some n 0 < n; or the order of σ t is infinite.
Proof. Assume that there is j < j such that
We separate to three subcases: Case (3.1). We separate to the following cases: [t] . This shows that the order of σ t is equal to a + b. Hence, there is a transformation α 0 ∈ T n 0 for some n 0 < n such that its index and period are the same as the index and period of α. Case (3. 
